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WILLMORE SPHERES IN QUATERNIONIC PROJECTIVE SPACE
K. LESCHKE
Abstract. The Willmore energy for Frenet curves in quaternionic projective space HPn is
the generalization of the Willmore functional for immersions into S4. Critical points of the
Willmore energy are called Willmore curves in HPn.
Using a Ba¨cklund transformation on Willmore curves, we generalize Bryant’s result on
Willmore spheres in 3–space: a Willmore sphere in HPn has integer Willmore energy, and is
given by complex holomorphic data.
1. Introduction
This work is part of a project where “quaternionified” complex analysis is used to study
old and new questions in surface theory. The first accounts of this program are presented
in [PP98], [BFL+02] and [FLPP01]. An important feature in the quaternionic setup is that
conformal maps from a Riemann surface into S4 = HP1 play the role of the meromorphic
functions in complex analysis. More generally, if we consider holomorphic curves f : M →
HP
n then the components of f are branched conformal immersions into S4 = HP1. Thus we
can think of a holomorphic curve in HPn as a family of branched conformal immersions into
S4.
Basic constructions of complex Riemann surface theory, such as holomorphic line bundles, the
Kodaira embedding, the Plu¨cker relations and the Riemann–Roch theorem, carry over to the
quaternionic setting. There is an important new invariant of the quaternionic holomorphic
theory distinguishing it from its complex counterpart: the Willmore energy is defined for
holomorphic curves in HPn. For immersions f : M → S4 into S4 = HP1 we obtain the
classical Willmore functional
∫
M
(|H|2−K−K⊥)|df |2 where H is the mean curvature vector,
K the Gaussian curvature, and K⊥ the curvature of the normal bundle. Willmore surfaces
f : M → S4 are critical points of the Willmore functional [Wil93]. It is a well–known fact,
that Willmore surfaces in S4 are characterized by the harmonicity of the conformal Gauss
map.
To generalize the notion of Willmore surfaces to the case of a holomorphic curve f :M → HPn,
we use the the analogue of the conformal Gauss map of an immersion into S4, the so–called
canonical complex structure of f . In general, the canonical complex structure exists only
away from a discrete set of M . In view of the relation between the Willmore condition
and harmonicity, we restrict to the case of Frenet curves. These are holomorphic curves for
which the canonical complex structure exists smoothly onM . A Frenet curve in HPn is called
Willmore if it is a critical point of the Willmore energy under compactly supported variations
by Frenet curves.
Similar to the ∂¯ and ∂ transforms of harmonic maps into complex projective space [Wol88], we
define a Ba¨cklund transform of a Willmore curve by using the (1, 0)–part of the derivative of
the canonical complex structure. This generalizes the Ba¨cklund transformation in [BFL+02]
for Willmore surfaces in HP1 to Willmore curves in HPn.
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The Ba¨cklund transform f˜ of a Willmore sphere f : S2 → HPn is a Willmore sphere in HPk,
k < n, or a constant point in HPn. More precisely, the Ba¨cklund transform f˜ : S2 → HPk
is given by a twistor projection of a holomorphic curve g : S2 → CP2k+1. Using the special
form of the Ba¨cklund transform, we prove a generalization of the results of Bryant [Bry84]
and Ejiri, [Eji88]: every Willmore sphere f : S2 → HPn is either a minimal surface in R4
with planar ends or is given by a twistor projection of a holomorphic curve in some complex
projective space. Moreover, a Willmore sphere has Willmore energy in 4piN.
2. Holomorphic curves and holomorphic bundles
We set up some basic notation used throughout the paper. For more details of the underlying
quaternionic theory, we refer to [BFL+02], [FLPP01] and [PP98].
We view a Riemann surfaceM as a 2–dimensional, real manifold with an endomorphism field
J ∈ Γ(End(TM)) satisfying J2 = −1. If V is a vector bundle over M , we denote the space
of V valued quaternionic k–forms by Ωk(V ). If ω ∈ Ω1(V ), we set
∗ω := ω ◦ J .
Moreover, we will identify ω ∈ Ω2(V ) with the induced quadratic form ω(X) := ω(X,JX).
In particular for pairings V1 × V2 → V3 we will identify
ω ∧ η = ω ∗ η − ∗ωη, ω ∈ Ω1(V1), η ∈ Ω
1(V2),
where the wedge product is defined over the pairing.
Most of the vector bundles occurring will be quaternionic vector bundles, i.e., the fibers
are quaternionic vector spaces and the local trivializations are quaternionic linear on each
fiber. We adopt the convention that all quaternionic vector spaces are right vector spaces. A
quaternionic connection on a quaternionic vector bundle satisfies the usual Leibniz rule over
quaternionic valued functions.
If V1 and V2 are quaternionic vector bundles, we denote by Hom(V1, V2) the bundle of quater-
nionic linear homomorphisms. As usual, End(V ) = Hom(V, V ) denotes the quaternionic
linear endomorphisms. Notice that Hom(V1, V2) is not a quaternionic bundle.
Let V be a quaternionic vector bundle with complex structure S ∈ Γ(End(V )), S2 = −1. We
phrase this as (V, S) is a complex quaternionic vector bundle.
Given a connection ∇ on V , we can decompose ∇ = ∇′+∇′′ into (1, 0) and (0, 1) parts with
respect to S, where
∇′ :=
1
2
(∇− S ∗ ∇) and ∇′′ :=
1
2
(∇+ S ∗ ∇) .
Let Hom±(V,W ) = {B ∈ Hom(V,W ) | SWB = ±BSV } where (V, SV ) and (W,SW ) are
complex quaternionic vector bundles. We denote by B± =
1
2 (B ∓ SWBSV ) ∈ Hom±(V,W )
the ±–part of B ∈ Hom(V,W ). We can decompose ∇′ and ∇′′ further into
∇′′ = ∂¯+Q, ∇′ = ∂ +A
where
∂¯ S = S ∂¯, ∂S = S∂
and
Q = ∇′′− ∈ Γ(K¯ End−(V )), A = ∇
′
− ∈ Γ(K End−(V )) .
Here we denote by
KE := {ω ∈ Λ1(TM)⊗ E | ∗ω = Sω}
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and
K¯E := {ω ∈ Λ1(TM)⊗ E | ∗ω = −Sω}
the tensor product of the canonical and anti-canonical bundle with a complex vector bundle
(E,S). Notice that
(2.1) ∇S = [∇, S] = [Q+A,S] = 2(∗Q − ∗A) .
In particular, if ∇ is flat, then
(2.2) d∇ ∗A = d∇ ∗Q
and
(2.3) 4 ∗ A = S ∗ ∇S −∇S, 4 ∗Q = S ∗ ∇S +∇S .
We denote by V the trivial Hn+1–bundle over M . Let Σ → Gk+1(V ) be the tautological
(k + 1)–plane bundle whose fiber over Vk ∈ Gk+1(H
n+1) is ΣVk = Vk ⊂ V . A map f :
M → Gk+1(V ) can be identified with a rank k + 1 subbundle Vk ⊂ V via Vk = f
∗Σ, i.e.,
(Vk)p = Σf(p) = f(p) for p ∈ M . From now on, we will make no distinction between a map
f into the Grassmannian Gk+1(V ) and the corresponding subbundle Vk ⊂ V .
The derivative of Vk ⊂ V is given by the Hom(Vk, V/Vk) valued 1–form
(2.4) δ = piVk∇|Vk ,
where piVk : V → V/Vk is the canonical projection. Under the identification TGk+1(V ) =
Hom(Σ, V/Σ) the 1–form δ is the derivative df of f :M → Gk+1(V ).
Definition 2.1. Let V = Hn+1 be the trivial quaternionic n+1–plane bundle over a Riemann
surface M .
(1) A rank k+1 subbundle Vk ⊂ V is a holomorphic curve in V if there exists a complex
structure J ∈ Γ(End(Vk)), J
2 = −1, such that
∗δ = δ J .
(2) The Frenet flag of a holomorphic curve f :M → HPn is a full flag
L = f∗Σ = V0 ⊂ V1 ⊂ . . . ⊂ Vn−1 ⊂ Vn = V
of quaternionic subbundles of rank Vk = k + 1 together with complex structures Jk
on the quotient bundles Vk/Vk−1, J0 = J , such that
(a) ∇Γ(Vk) ⊂ Ω
1(Vk+1).
(b) The derivatives δk = piVk∇ : Vk/Vk−1 → T
∗M ⊗ Vk+1/Vk satisfy
∗δk = Jk+1δk = δkJk .
Example 2.2. Consider the line bundle L = f∗Σ ⊂ H2 induced by f : M → S4 = HP1.
The corresponding flag is L ⊂ V1 = H
2. The line bundle L is a holomorphic curve if there
exists a complex structure J on L such that ∗δ = δJ . We obtain an equivalent condition
written in terms of f : L is a holomorphic curve if and only if there exists J ∈ Γ(End(L))
such that ∗df = df ◦ J , i.e. f :M → HP1 is a branched conformal immersion (for a detailed
development of conformal surface theory using quaternionic valued functions see [BFL+02]).
If the derivative of L has no zeros, then f is an immersion. In this case, we can define
the conformal Gauss map which can be identified with a complex structure S on H2 which
induces J on L. Moreover, S satisfies ∗δ = Sδ = δS and the second order tangency condition
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Q|L = 0. The immersion f is Willmore if and only if the conformal Gauss map is harmonic
[Eji88], [Rig87], which is equivalent [BFL+02, Thm. 3] to
d∇ ∗A = 0 .
Recall that a complex structure S ∈ Γ(End(V )) is called adapted to the Frenet flag L = V0 ⊂
V1 ⊂ . . . ⊂ V of a holomorphic curve f :M → HP
n if S induces the complex structures given
by the Frenet flag, i.e., if
∗δk = Sδk = δkS
for k = 0, . . . , n − 1. The analogue of the conformal Gauss map of a conformal immersion
f :M → S4 is an adapted complex structure which satisfies a certain second order condition.
Definition 2.3. Let f : M → HPn be a holomorphic curve and L = V0 ⊂ V1 ⊂ . . . ⊂ V be
the Frenet flag of L. The unique adapted complex structure S ∈ Γ(End(V )) with
Q|Vn−1 = 0 or, equivalently A(V ) ⊂ TM
∗ ⊗ L ,
is called the canonical complex structure of L. Here ∇ = ∂¯+Q+ ∂ +A is the decomposition
of ∇ with respect to S.
In general, the Frenet flag and the canonical complex structure of a holomorphic curve f :
M → HPn only exist away from a discrete set D, the Weierstrass points of L. These are the
zeros of the derivatives δk of the flag bundles Vk. In case of a holomorphic curve f in HP
1
the Weierstrass points are the branch points of the map f :M → S4.
Whereas the Frenet flag of a holomorphic curve always extends continuously into the Weier-
strass points [FLPP01, Lemma 4.10], the canonical complex structure may become singular
as the following example [Pet04] shows: If f : M → HP1 is the twistor projection of a com-
plex holomorphic curve h : M → CP3 then the canonical complex structure is given by the
tangent line W1 ⊂ V of h, namely S|W1 = i and S|W1j = −i. But the tangent W1 ⊂ V of h
can become quaternionic, i.e., W1 =W1j at some p ∈M . In this case the canonical complex
structure S degenerates to a point at p ∈M and thus S cannot be extended into p ∈M . To
avoid these difficulties, we will only consider holomorphic curves f :M → HPn which have a
smooth canonical complex structure. For conformal maps f :M → HP1 this means that the
mean curvature sphere congruence extends smoothly across the branch points.
Definition 2.4. A Frenet curve f : M → HPn is a holomorphic curve which has a smooth
canonical complex structure on M .
Remark 2.5. Note that this definition is more general then the one given in [FLPP01]. In
contrast to [FLPP01, Def. 4.3] we allow f to have Weierstrass points. However, the smooth-
ness of the canonical complex structure guarantees, as we will see below, the existence of the
Frenet flag on M .
Example 2.6. A trivial example for a Frenet curve is an unramified curve f : M → HPn,
i.e., a holomorphic curve without Weierstrass points. In the case n = 1 an unramified curve
is a conformal immersion f :M → S4.
In what follows, the example of the dual curve of a Frenet curve also will play an important
role. For any subbundle Vk of V let
V ⊥k := {α ∈ V
−1 |< α,ψ >= 0 for all ψ ∈ Vk} ,
where V −1 is the dual bundle of V . The dual curve L∗ of a Frenet curve L ⊂ V with Frenet
flag L = V0 ⊂ V1 ⊂ . . . ⊂ V is the holomorphic curve in V
−1 defined by
L∗ := V ⊥n−1 .
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The Frenet flag of the dual curve f∗ is given by
(2.5) V ∗k = V
⊥
n−1−k .
An adapted complex structure S of L induces an adapted complex structure on L∗ by the
dual map S∗. If ∇ = ∂¯+∂ + A+Q is a connection on V then the induced dual connection
∇∗ on V −1 is decomposed as
∇∗ = ∇ˆ∗ +Q† +A† ,
where
(2.6) A† = −Q∗ ∈ Γ(K End−(V
−1)) and Q† = −A∗ ∈ Γ(K¯ End−(V
−1)) .
The decomposition of the dual connection ∇ˆ∗ = ∂¯
∗
+∂∗ is given by
(2.7) < ∂¯
∗
α,ψ > + < α, ∂¯ ψ >=
1
2
(d < α,ψ > + ∗ d < α, Sψ >)
(and a corresponding equation for ∂∗). If S is the canonical complex structure of L then
Q†|V ∗n−1 = −A
∗|L⊥ = 0 ,
and S∗ is the canonical complex structure of the dual curve L∗. In particular, the dual curve
of a Frenet curve is Frenet. In the case of a Frenet curve f :M → S4, the dual curve is given
by the antipodal map since L∗ = V ⊥n−1 = L
⊥.
A holomorphic curve f : M → HPn induces a holomorphic structure D on the dual bundle
L−1 of L = f∗Σ. Recall the definition of a (quaternionic) holomorphic structure:
Definition 2.7 (see [PP98]). A holomorphic structure on a complex quaternionic vector
bundle (V, S) is a real linear map D : Γ(V )→ Γ(K¯V ) satisfying
D(ψλ) = (Dψ)λ+
1
2
(ψdλ+ Sψ ∗ dλ), λ :M → H .
We denote by H0(V ) = kerD ⊂ Γ(V ) the space of holomorphic sections and call (V, S,D)
a holomorphic quaternionic vector bundle. A subbundle W ⊂ V is called a holomorphic
subbundle of (V, S,D) if Γ(W ) is D stable. In this case (W,S|W ,D|W ) is a holomorphic
quaternionic vector bundle.
We decompose a holomorphic structure into
D = ∂¯+Q ,
where ∂¯ S = S ∂¯ and Q ∈ Γ(K¯ End−(V )). The case when Q = 0 gives the usual theory of
(doubles) of complex holomorphic vector bundles. We call D = ∂¯ a complex holomorphic
structure.
Examples 2.8. (1) If ∇ is a connection on V then ∇′′ is a holomorphic structure on
(V, S).
(2) We denote by V¯ the complex vector bundle (V,−S) of the complex quaternionic vector
bundle (V, S). Then ∇′ is the (0, 1)–part of the connection ∇ with respect to −S and
(V¯ ,∇′) is a holomorphic vector bundle. We call ∇′ an antiholomorphic structure on
(V, S).
(3) If Vk is an S stable subbundle of (V, S) which is also a holomorphic curve with respect
to S|Vk , i.e.,
∗δ = δS, where δ = piVk∇|Vk : Vk → V/Vk ,
then Vk is in general not a holomorphic subbundle of V with respect to ∇
′′. The
condition for Vk being a holomorphic subbundle is exactly
∗δ = Sδ ,
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which is equivalent to the condition that V ⊥k is a holomorphic curve.
In particular, if f : M → HPN is a Frenet curve and S is an adapted complex
structure of f on V , then S stabilizes the flag spaces Vk and satisfies ∗δk = Sδk = δkS.
Thus the Vk’s are holomorphic subbundles of V with respect to ∇
′′ and holomorphic
curves with respect to S.
(4) However, the holomorphic curve f : M → HPn induces a canonical holomorphic
structure on the dual bundle L−1 of L: it is given by the requirement that restrictions
of forms α ∈ (Hn+1)∗ to L are holomorphic sections. The space {α|L | α ∈ (H
n+1)∗} ⊂
H0(L−1) is a basepoint free linear system [FLPP01, Sec. 2.6].
In fact, the correspondence between holomorphic curves and basepoint free linear
systems H ⊂ H0(L−1) of a holomorphic line bundle L−1 is one to one: by the
Kodaira correspondence one can consider the bundle L as a subbundle of V = H−1,
see [FLPP01, Thm. 2.8].
Lemma 2.9 (see [BFL+02, Lemma 2.4]). Let S be a complex structure on V and ∇ =
∂¯+∂ +Q+A the decomposition of the trivial connection on V with respect to S. Then
(2.8) R∂¯+∂ = −(Q ∧Q+A ∧A) = 2S(A2 −Q2)
and, for Z ∈ H0(TM),
(2.9) R∂¯+∂Z,JZ = 2S(∂¯Z ∂Z − ∂Z ∂¯Z) .
If V1 and V2 are two complex holomorphic vector bundles with complex holomorphic struc-
tures ∂¯k, then Hom+(V1, V2) inherits a complex holomorphic structure ∂¯ via
(2.10) (∂¯ A)ψ := ∂¯2(Aψ) −A(∂¯1 ψ) .
The usual tensor product construction for complex holomorphic structures induces a complex
holomorphic structure on K Hom+(V1, V2).
Lemma 2.10. Let S be a complex structure on V and let Vk ⊂ V be an S stable subbundle.
Then the following statements are equivalent:
(1) Vk is A,Q and ∂¯ stable.
(2) ∗δk = Sδk = δkS where δk = piVk∇|Vk : Vk → V/Vk.
In this case
δk = piVk∂ ∈ H
0(K Hom+(Vk, V/Vk))
is a holomorphic section. Here the holomorphic structure on Vk is ∂¯ and the holomorphic
structure on V/Vk is defined by
∂¯ piVk = piVk ∂¯ .
Proof. By a type consideration, a vector bundle is ∂¯+A+Q stable if and only if it is stable
under ∂¯, A and Q. Since
δk = piVk(∂ + ∂¯+Q+A) ,
we see that Vk is ∂¯+Q + A stable if and only if δk = piVk∂. But this is equivalent to
∗δk = Sδk = δkS again by type considerations ∗A = −AS, ∗Q = −SQ, and ∗ ∂¯ = −S ∂¯.
Since ∂¯ maps sections of Vk to one-forms in Vk, we can define a holomorphic structure ∂¯ on
V/Vk by
∂¯ piVk = piVk ∂¯ .
By (2.8) we see that R∇ˆ stabilizes Vk and we obtain for any local holomorphic sections
ψ ∈ H0(Vk) and Z ∈ H
0(TM):
∂¯Z(δk(Z,ψ)) = ∂¯Z(piVk∂Zψ) = piVk(∂¯Z(∂Zψ))
(2.9)
= piVk(∂Z ∂¯Z ψ) = 0 .
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Thus, δk is holomorphic because it maps holomorphic sections ψ ∈ H
0(Vk) and Z ∈ H
0(TM)
to a holomorphic section δk(Z,ψ) ∈ H
0(V/Vk). 
Since the flag derivatives of a Frenet curve are holomorphic sections by the previous lemma,
we see that a Frenet curve has a smooth Frenet flag.
Corollary 2.11 (see [LP03]). The Frenet flag of a Frenet curve f :M → HPn is smooth on
M .
Proof. The canonical complex structure S of the Frenet curve f exists smoothly on M . In
particular, ∗δ0 = Sδ0 = δ0S and the previous Lemma shows that δ0 ∈ H
0(K Hom+(L, V/L))
is a holomorphic section. Therefore, the image of δ0 defines a smooth subbundle V1 ⊂ V .
Proceeding inductively, the Frenet flag exists smoothly on M . 
Using again a type argument as in the proof of Lemma 2.10, we derive a criterion to decide
whether a given complex structure is the canonical complex structure of a Frenet curve:
Lemma 2.12. Let S be a complex structure on V . Assume that L ⊂ V is a holomorphic
curve with respect to S and that L has a Frenet flag L ⊂ V1 ⊂ . . . ⊂ Vn = V . Denote the
derivative of Vk by δk and define
δk := δk−1 ◦ . . . ◦ δ0
for k = 1, . . . , n, where δ0 = id |L denotes the identity map of V restricted to L. With the
usual decomposition ∇ = ∂¯+∂ + Q + A of ∇ with respect to the complex structure S, the
following are equivalent
(1) Qδk = 0 for all k = 0, . . . , n − 1.
(2) L is a Frenet curve and S is the canonical complex structure of L.
Proof. Since the canonical complex structure S of a Frenet curve satisfies Q|Vn−1 = 0 and
Im δj ⊂ Vj+1/Vj ⊂ Vn−1/Vj , we get Q|Im δj = 0 for all j = 0, . . . , n − 2.
For the converse, observe that Qδi = 0 for all i ≤ k implies that Vk is Q stable, i.e., the
derivative of Vk is given by
(2.11) δk = piVk(∂ + ∂¯+A)|Vk .
We proceed by induction. Since L is a holomorphic curve with respect to S, we have ∗δ0 =
δ0S. But then (2.11) shows that V0 = L is A and ∂¯ stable and we get
∗δ0 = Sδ0
since δ0 = piL(∂). In particular, the complex structure of the Frenet flag, see Definition 2.1, is
given by J1 = S on V1/L, and ∗δ1 = δ1S. Proceeding inductively, we see Jk = S on Vk/Vk−1
and δk = piVk∂|Vk . Hence S is adapted to the flag, and satisfies Q|Vn−1 = 0. 
We finish this section by a fact on the Hopf fields A and Q of a Frenet curve which will allow
later on to describe Willmore curves with vanishing Willmore energy.
Lemma 2.13. Let f : M → HPn be a holomorphic curve and U ⊂ M an open subset of M
so that both the canonical complex structure S and the Frenet flag L ⊂ V1 ⊂ . . . ⊂ Vn−1 ⊂ V
are smooth on U . Then
(1) If the restriction of A to L vanishes on U then A vanishes on U .
(2) If Q has image in Vn−1 on U then Q vanishes on U .
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Proof. Note first, that Q|Vn−1 = 0 implies for ϕ ∈ Γ(Vn−1) that (d
∇ ∗ A)ϕ = (d∇ ∗ Q)ϕ =
d∇(∗Qϕ) + ∗Q ∧∇ψ = ∗Q ∧ δn−1ϕ = 0 by type.
If we assume that A|Vk = 0 on U for some k ∈ {0, . . . , n − 1}, then for X ∈ Γ(TU) and for
ψ ∈ Γ(Vk|U ) we obtain
2AX(δk)Xψ = (∗A ∧ δk)X,JXψ = (d
∇ ∗A)X,JXψ − d
∇(∗Aψ)X,JX = 0 ,
and hence A|Vk+1 = 0 on U . By induction we see that A|L = 0 on U implies A = 0 on U .
Moreover, ImQ ⊂ kerQ if and only if ImA† ⊂ kerA† because Q∗ = −A†,
kerA† = kerQ∗ = (ImQ)⊥ , and ImA† = ImQ∗ = (kerQ)⊥ .
Since ImA† = L∗, we see A†|L∗ = 0 and conclude A
† = 0 on U by part (1). Therefore,
Q = −(A†)∗ = 0 on U . 
3. Willmore curves in HPn
The Willmore functional of an immersion to S4 can be generalized to the Willmore energy
of a holomorphic curve [FLPP01]. We define Willmore curves in HPn as Frenet curves which
are critical points of the Willmore functional under compactly supported variations by Frenet
curves, [LP03]. As in the case of Willmore surfaces in R3 the Willmore condition is related
to harmonicity: the canonical complex structure of a Willmore curve in HPn is harmonic.
Recall that a holomorphic curve f : M → HPn induces a holomorphic structure on the dual
L−1 of the line bundle L = f∗Σ.
Definition 3.1. Let f :M → HPn be a holomorphic curve from a compact Riemann surface
M into quaternionic projective space. The Willmore energy of f is given by
(3.1) W (f) := 2
∫
M
< QL−1 ∧ ∗QL−1 >,
whereQL−1 is given by the holomorphic structureD = ∂¯+QL−1 on L
−1, and< B >:= 14 trRB
for B ∈ End(V ).
Remark 3.2. Note that the definition of the Willmore energy is invariant under projective
transformations of f . In the case n = 1, we obtain [BFL+02, Prop. 13] the usual Willmore
functional
W (f) =
∫
M
(|H|2 −K −K⊥)|df |2 ,
of an immersion f : M → S4. Here H is the mean curvature vector of f , K the Gaussian
curvature, and K⊥ the curvature of the normal bundle
From now on, M will always denote a compact Riemann surface.
For a Frenet curve the Willmore energy can be computed in terms of the canonical complex
structure:
Lemma 3.3. For a Frenet curve f :M → HPn the Willmore energy is given by
(3.2) W (f) = 2
∫
M
< A ∧ ∗A > .
Proof. Since L is a Frenet curve the mixed structure 12(∇ + ∗∇S) stabilizes L. But Dˆ =
1
2(∇ + ∗∇S)|L has Dˆ− = ∇
′
−|L = A|L and satisfies for α ∈ Γ(L
−1), ψ ∈ Γ(L) the product
rule
< Dα,ψ > + < α, Dˆψ >=
1
2
(d < α,ψ > + ∗ d < α, Sψ >) ,
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where D is the holomorphic structure on L−1. This equation and (2.7) imply Dˆ = ∂¯−Q∗
L−1
and hence A|L = −Q
∗
L−1
. Since f is a Frenet curve, A has image in L so that
< QL−1 ∧ ∗QL−1 >=< A|L ∧ ∗A|L >=< A ∧ ∗A > .

Definition 3.4 (see [LP03]). A Frenet curve f : M → HPn is called Willmore if f is a
critical point of the Willmore energy under compactly supported variations of f by Frenet
curves where we allow the conformal structure on M to vary.
Definition 3.5. The energy functional of S : M → Z := {S ∈ End(V ) | S2 = −I} is given
by
(3.3) E(S) =
1
2
∫
M
< ∇S ∧ ∗∇S >= 2
∫
M
< Q ∧ ∗Q > + < A ∧ ∗A > .
A map S :M → Z is called harmonic if it is a critical point of the energy functional.
Let ∇ = ∂¯+∂ + Q + A the decomposition of the trivial connection ∇ on V with respect
to a complex structure S. By changing the complex structure to −S we get K End−(V ) =
K Hom+(V¯ , V ) and ∂ and ∂¯ on V induce by (2.10) a complex holomorphic structure on
K End−(V ). If we change the complex structure on K¯ End−(V ) to −S then ∂ and ∂¯ give
a complex holomorphic structure ∂¯ on K End−(V¯ ) = K¯ End−(V ), i.e., an antiholomorphic
structure ∂ on K¯ End−(V ).
As in [BFL+02, Prop. 5] one shows
Theorem 3.6. Let S :M → Z. Then following are equivalent
(1) S is harmonic.
(2) ∗Q is closed which due to (2.2) is the same as ∗A is closed.
(3) Q is antiholomorphic, i.e., ∂Q = 0.
(4) A is holomorphic, i.e., ∂¯ A = 0.
Moreover, if f :M → HPn is a Frenet curve and S :M → Z its canonical complex structure,
then S is conformal, i.e.,
< ∗∇S, ∗∇S >=< ∇S,∇S > .
The degree of a complex quaternionic vector bundle V = E ⊕ E is defined by the degree of
the complex vector bundle E which is given by the +i–eigenspace of S, see [FLPP01, Sec.
2.1]. Since ∂¯+∂ is a complex connection on V , the degree of V can be computed by
(3.4) 2pi deg(V, S) =
∫
M
< SR∂¯+∂ >
(2.8)
=
∫
M
< A ∧ ∗A > − < Q ∧ ∗Q > .
Combining (3.2), (3.3), and (3.4), we obtain:
Corollary 3.7. Let f : M → HPn be a Frenet curve with canonical complex structure S.
Then
E(S) + 4pi deg(V, S) = 2W (L) .
Similar techniques as used in the S4–case [BFL+02, Thm. 3] give the usual relation between
the Willmore condition and harmonicity.
Theorem 3.8 (see [LP03]). A Frenet curve f : M → HPn is Willmore if and only if the
canonical complex structure of f is harmonic, i.e.,
d∇ ∗A = 0 .
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We have the Kodaira correspondence between holomorphic curves f : M → HPn and base
point free linear systems H ⊂ H0(L−1). For a Willmore curve f :M → HPn, it is natural to
ask for which choices of basepoint free linear systems Hˇ ⊂ H0(L−1) the induced holomorphic
curve Lˇ ⊂ Hˇ−1 is again Willmore.
Proposition 3.9. Let f : M → HPn be a Willmore curve. Let L ⊂ V and H ⊂ H0(L−1)
be the corresponding line bundle and basepoint free linear system. Let Hˇ ⊂ H0(L−1) be a
linear system with H = V −1 ⊂ Hˇ so that the map fˇ :M → HPm given by the Kodaira corre-
spondence has a canonical complex structure which extends continuously into the Weierstrass
points. Then fˇ a Willmore curve in HPm where m = dim Hˇ.
Proof. Let fˇt : M → HP
m be a variation of fˇ so that the compact support K does not
contain Weierstrass points. Without loss of generality, we can assume that fˇt is unramified
on K. Then pi : Vˇ = Hˇ−1 → V defines a variation of f by Frenet curves ft : M → HP
n by
pi(Lˇt) = Lt. Since the Willmore energy only depends on the holomorphic structure on L
−1
and not on the linear system, we see that
∂
∂t
W (fˇt) =
∂
∂t
W (ft) = 0 .
The usual arguments, see [LP03], show that the canonical complex structure of fˇ is harmonic
on K, i.e.,
d∇ ∗ A = 0
away from the Weierstrass points. A recent result on the removability of singularities of
harmonic maps [He´l04] shows that the canonical complex structure extends smoothly into
the Weierstrass points, and therefore fˇ is a Frenet curve. 
Example 3.10. In [Pet04] this construction is used to show that Willmore spheres f :
S2 → S4 are soliton spheres. More precisely, there exists a 3–dimensional linear system
H ⊂ H0(L−1) such that the Kodaira embedding of L into H−1 is the dual curve of a twistor
projection of a holomorphic curve in CP5.
In general, projections of Willmore curves L ⊂ V into flat subbundles Vˇ ⊂ V fail to be
Willmore, see [Pet04].
Proposition 3.11. Let f :M → HPn be a Willmore curve with canonical complex structure
S and let H ⊂ H0(L−1) be the corresponding linear system. Let Hˇ be an S stable basepoint
free linear system Hˇ ⊂ H ⊂ H0(L−1) with m = dim Hˇ ≥ 2. Then
Lˇ = pi(L) ⊂ Vˇ = Hˇ−1
defines a Willmore curve fˇ :M → HPm. Here pi : V = H−1 → Vˇ is the canonical projection.
Proof. Since f is a holomorphic curve, the line bundle L is full, i.e., L is not contained in a
lower dimensional flat subbundle of V . The kernel Hˇ⊥ = kerpi of pi is ∇ stable which shows
that pi|L 6= 0. Since Hˇ is a linear system the induced connection ∇ˇ on Vˇ satisfies pi∇ = ∇ˇpi.
Moreover,
piS =: Sˇpi
defines a complex structure on Vˇ since kerpi = Hˇ⊥ is S stable. The complex holomorphic
structures ∇ˇ′′+ and ∇
′′
+ on Vˇ and V given by the complex structures Sˇ and S are related by
∇ˇ′′+pi = pi∇
′′
+ .
Since ∇′′+ and ∇ˇ
′′
+ stabilize L and piL respectively, the map pi|L is a complex holomorphic
map. In particular, the zeros of pi|L are isolated and the complex bundle Impi|L can be
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extended smoothly across the zeros. In other words, Impi|L defines a complex quaternionic
line bundle Lˇ. Note that Lˇp = piLp away from the isolated zeros of pi|L.
Let L ⊂ V1 ⊂ . . . ⊂ V be the Frenet flag of f . Since pipiL = piLˇpi we see
δˇ0pi|L = piδ0 .
If δˇ0 = 0 then V1 is contained in the flat bundle L+kerpi which has rank ≤ n since dimker pi =
rankV − rank Vˇ ≤ n−1. This contradicts the assumption that L is a full curve in V , i.e., the
assumption that δk 6= 0 for k = 0, . . . , n − 1. Thus the map δˇ0 6= 0 is complex holomorphic
since
∗δˇ0 = Sˇδˇ0 = δˇ0Sˇ ,
and defines a vector bundle Vˇ1. Clearly, Vˇ1 extends piV1.
Proceeding inductively, we see that δˇkpi|Vk = piδk and δˇk 6= 0 for all 0 ≤ k ≤ rank Vˇ − 2. In
particular, Lˇ is a full curve in Vˇ with Frenet flag Vˇk = piVk. Moreover, ∗δˇk = Sˇδˇk = δˇkSˇ
yields that Sˇ is an adapted complex structure.
By construction Aˇ = 12 ∗ (∇ˇSˇ)
′ and A = 12 ∗ (∇S)
′ satisfy Aˇpi = piA, hence Sˇ is the canonical
complex structure of fˇ . In particular fˇ is a Frenet curve, and
d∇ˇ ∗ Aˇpi = pid∇ ∗A = 0 .
shows that fˇ is Willmore. 
Remark 3.12. If dim Hˇ = 1 the same arguments as in the proof above show that (pi(L), piS, pi∇)
defines a flat complex quaternionic line bundle.
Since the Hopf fields A and Q of a Willmore curve are holomorphic, the zeros of A and Q
are isolated. Therefore, Lemma 2.13 implies:
Corollary 3.13. Let S be the canonical complex structure of a Willmore curve f :M → HPn.
(1) If A 6= 0 then the set
M˜ := {p ∈M | Lp ⊂ kerAp}
has no inner points.
(2) If Q 6= 0 then the set
Mˆ := {p ∈M | ImQp ⊂ (Vn−1)p}
has no inner points.
We collect some examples of Willmore curves in HPn and methods to construct new Willmore
curves out of given ones.
Examples 3.14. (1) Let h : M → CP2n+1 be a (complex) holomorphic curve whose
nth osculating space Wn does not contain a quaternionic subspace, i.e, Wn ⊕Wnj =
C
2n+2 = Hn+1. It is shown in [FLPP01, Lemma 2.7] that the twistor projection
f : M → HPn of h has the smooth canonical complex structure S given by S|W = i.
Moreover, it is shown that A|L = 0 so that Lemma 2.13 gives that f is Willmore since
A = 0. Moreover, f has Willmore energy W (f) = 0.
Conversely, every Willmore surface f : M → HPn with W (f) = 0 is given as a
twistor projection of a holomorphic curve in CP2n+1.
(2) Let f : M → HPn be a Willmore curve, and L ⊂ V the corresponding line bundle.
The flat connection ∇∗ on V −1 decomposes as ∇∗ = ∂¯
∗
+∂∗ − A∗ −Q∗ with respect
to the canonical complex structure S∗ of the dual curve f∗ : M → HPn. Therefore,
we compute
(d∇
∗
∗ A∗)∗ = d∇ ∗ A
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so that a curve f :M → HPn is Willmore if and only if its dual curve f∗ :M → HPn
is Willmore.
(3) A flat connection ∇ on a complex quaternionic vector bundle (V, S) is called Willmore
connection [FLPP01, Sec. 6.1] if S is harmonic, i.e., d∇ ∗ A = 0. In general, the
harmonic complex structure S will not be the canonical complex structure of a Frenet
curve. But if rankA = 1 then ∂¯ A = 0 implies that the image of A defines a ∂¯
holomorphic line bundle. Thus, L = ImA ⊂ V is a Willmore curve if Qδk = 0 for all
k = 0, . . . , n − 1 see Lemma 2.12.
Moreover, if L is Willmore then the connections ∇λ = ∇ + (λ − 1)A are flat for
all λ = α + βS, α, β ∈ R, α2 + β2 = 1. Denote by Lλ the line bundle L considered
as subbundle in (V,∇λ). If we decompose ∇λ with respect to the complex structure
S of L then Qλ = Q. Thus S is the canonical complex structure of Lλ and Lλ is a
Willmore curve. Its Willmore energy is given by W (Lλ) =W (L).
Notice, that though ∇ is trivial, the Willmore curves of this family may have
holonomy.
4. Plu¨cker relation of a Frenet curve
The quaternionic Plu¨cker relation [FLPP01, Thm. 4.7] gives the Willmore energy of a Frenet
curve in terms of the Willmore energy of its dual curve, the genus of the surface and the
degree of the associated line bundle. We give a proof of the Plu¨cker relation in the case when
f :M → HPn is a Frenet curve.
We compute the degrees of various complex bundles involved in the Plu¨cker relation:
Lemma 4.1. Let f : M → HPn be a Frenet curve, S its canonical complex structure and
L ⊂ V1 ⊂ . . . ⊂ Vn = V its Frenet flag with corresponding derivatives δi. Then the degree of
the bundle Vk/Vk−1 with respect to S is given by
(4.1) deg Vk/Vk−1 =
k−1∑
i=0
ord δi − k degK + degL, 0 ≤ k ≤ n .
where we put V−1 := {0}.
Proof. The degree of a complex holomorphic line bundle E is given by the vanishing order
of any holomorphic section of E. Since ∗δi = Sδi = δiS, Lemma 2.10 implies that δi ∈
H0(K Hom+(Vi/Vi−1, Vi+1/Vi)) is a holomorphic section, and thus
ord δi = deg(K Hom+(Vi/Vi−1, Vi+1/Vi)) .
If (V1, S1), (V2, S2) are two complex quaternionic vector bundles then Hom+(V1, V2) is canon-
ically isomorphic to HomC(E1, E2), where the Ek are again the +i–eigenspaces of Sk. There-
fore,
ord δi = degK + deg Vi+1/Vi − deg Vi/Vi−1 ,
and, telescoping this identity, we get
(4.2)
k−1∑
i=0
ord δi = k degK + deg Vk/Vk−1 − degL .

Remark 4.2. The degree of the dual curve is given by
degL∗ = n degK − degL−
n−1∑
i=0
ord δi ,
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since (V/Vn−1)
−1 = V ⊥n−1 = L
∗.
We now prove the quaternionic Plu¨cker relation [FLPP01, Thm. 4.7] in the case of Frenet
curves:
Theorem 4.3. Let f :M → HPn be a Frenet curve with canonical complex structure S. Let
L ⊂ V1 ⊂ . . . ⊂ Vn = V be the Frenet flag of f and δi the derivatives of Vi. For a compact
Riemann surface M of genus g, the Plu¨cker relation
(4.3) deg(V, S) =
1
4pi
(W (f)−W (f∗)) = (n+ 1)(n(1− g) + degL) + ordH
holds, where ordH =
∑n−1
i=0 (n − i) ord δi is the order of the linear system H = V
−1 ⊂
H0(L−1).
Remark 4.4. If L ⊂ V is a holomorphic curve then H = V −1 ⊂ H0(L−1) is a basepoint free
linear system. The order of H is defined by [FLPP01, Def. 4.2]
ord(H) =
∑
p∈M
ordp(H) .
where ordp(H) =
∑n
k=0(nk(p) − k) is the order of H at p and n0(p) < . . . < nn(p) is the
Weierstraß gap sequence of H. In the case of a Frenet curve, the expression for the order of
H simplifies to ordH =
∑n−1
i=0 (n− i) ord δi. In particular, if f is an unramified Frenet curve,
then ordH = 0.
Proof. Since as complex vector bundles V =
⊕n
k=0 Vk/Vk−1 we have
deg(V, S) =
n∑
k=0
degVk/Vk−1
(4.2)
=
n∑
k=0
(
k−1∑
i=0
ord δi − k degK + degL)
= (
n∑
k=0
k−1∑
i=0
ord δi)−
n(n+ 1)
2
degK + (n+ 1) degL .
Moreover,
4pi deg(V, S)
(2.8)
= 2
∫
M
< A ∧ ∗A > − < Q ∧ ∗Q >
(3.2), (2.6)
= W (f)−W (f∗) .

Remark 4.5. Let h : M → CP2n+1 be a holomorphic curve in CPn such that the twistor
projection f :M → HPn of h is a Frenet curve, compare Examples 3.14 (1). Since W (f) = 0
the Plu¨cker relation shows that the Willmore energy of the dual curve f∗ of f is given by
W (f∗) = 4pi deg(V, S) ∈ 4piN .
5. Ba¨cklund transformation on Willmore curves
Using the harmonicity of the canonical complex structure, a similar construction to the ∂¯ and
∂ transforms of a harmonic map into CPn, [Wol88], gives the Ba¨cklund transformation on
Willmore curves. We show that the Ba¨cklund transform f˜ : M → HPn of a Willmore curve
f :M → HPn is again Willmore provided f˜ is a Frenet curve. The latter assumption will be
void in case of Willmore spheres.
Due to the harmonicity of the canonical complex structure A is ∂¯–holomorphic and Q is
∂–holomorphic. Thus their kernels and images define smooth subbundles of the trivial Hn+1–
bundle, and we get new maps into HPn.
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Lemma 5.1. Let f :M → HPn be a Willmore curve and S its canonical complex structure.
Decomposing the trivial connection ∇ = ∂¯+∂ + Q + A on V = Hn+1 with respect to S, we
see
(1) For A 6= 0 there exists a rank n subbundle W˜n−1 ⊂ V which agrees with kerA except
at finitely many points and which satisfies W˜n−1 ⊂ kerA.
(2) For Q 6= 0 there exists a line bundle Lˆ ⊂ V which agrees with ImQ except at finitely
many points and satisfies ImQ ⊂ Lˆ.
In abuse of notation, we write kerA = W˜n−1 and ImQ = Lˆ.
The image of A and the kernel ofQ also define smooth bundles. However, these are the already
known bundles ImA = L and kerQ = Vn−1 since S is the canonical complex structure of f .
The harmonicity of S implies that kerA is a holomorphic bundle and ImQ a holomorphic
curve.
Lemma 5.2. Let f :M → HPn be a Willmore curve with canonical complex structure S.
(1) If A 6= 0 then kerA ⊂ V is a holomorphic subbundle with respect to the holomorphic
structure induced by the complex structure −S on V .
(2) If Q 6= 0 then ImQ ⊂ V is a holomorphic curve with respect to the complex structure
−S on V .
Proof. For ϕ ∈ Γ(kerA) we have
0 = (d∇ ∗ A)ϕ = d∇(∗Aϕ) + ∗A ∧ ∇ϕ = ∗A ∗ ∇ϕ+A∇ϕ
= ∗A ∗ δ˜n−1ϕ+Aδ˜n−1ϕ = −AS(∗δ˜n−1ϕ+ Sδ˜n−1ϕ) .
which implies
(5.1) ∗δ˜n−1 + Sδ˜n−1 = 0 ,
since A is, interpreted as a map in Ω1(Hom(V/ kerA,V )), injective away from finitely many
points. This shows that kerA ⊂ V is a holomorphic subbundle, compare Example 2.8(3).
Consider the dual curve f∗ of f which is again a Willmore curve with A† = −Q∗. Assume
that Q 6= 0, then by the above argument kerA† ⊂ V −1 is a holomorphic subbundle. But then
ImQ ⊂ V is a holomorphic curve, by Example 2.8(3) and
(5.2) (kerA†)⊥ = (kerQ∗)⊥ = ImQ .

To be able to deal with holomorphic curves only, we consider instead of the holomorphic
bundle kerA the holomorphic curve (kerA)⊥ ⊂ V −1. One of the main difficulties of this
construction is that ImQ and (kerA)⊥ might fail to be Frenet curves. We will show below
that at least in the case of Willmore spheres f : S2 → HPn both line bundles are Frenet
curves. The general case is more difficult and is a topic to which we will return in a future
paper.
Therefore, at least for the purposes of the present paper, we will assume that Lˆ and (kerA)⊥
are Frenet curves. We define
Vˆ ⊂ V and V˜ −1 ⊂ V −1
as the trivial subbundles of V and V −1 so that the holomorphic curves Lˆ ⊂ Vˆ and (kerA)⊥ ⊂
V˜ −1 are full curves in Vˆ and V˜ −1 respectively.
WILLMORE SPHERES IN QUATERNIONIC PROJECTIVE SPACE 15
Since (kerA)⊥ is a line subbundle of the dual bundle of V , we will rather consider the dual
curve L˜ ⊂ V˜ of (kerA)⊥ which is again a Frenet curve unless (kerA)⊥ is a constant in PV .
In this case, we define L˜ := ((kerA)⊥)−1 to be the dual bundle of (kerA)⊥.
Definition 5.3. Let f : M → HPn be a Willmore curve. Then L˜ ⊂ V˜ is called the forward
Ba¨cklund transform of L, and Lˆ ⊂ Vˆ the backward Ba¨cklund transform of L.
Remark 5.4. Note the similarity to the ∂¯ and ∂ transforms of harmonic maps into CPn
[Wol88]: we use the (0, 1)–part Q and the (1, 0)–part A of the derivative ∇S of the harmonic
map S : M → Z to construct new holomorphic curves. However, our construction will
give new Willmore curves rather than the associated harmonic maps. Moreover, to obtain
sequences of Willmore surfaces, we will have to guarantee the smoothness of the canonical
complex structure of a Ba¨cklund transform. This can be done, at least in the case of Willmore
spheres in HPn, and we will see below that in this case the resulting sequence is finite.
To compare our definition of the Ba¨cklund transformation to the one given in [BFL+02, Prop.
17] for conformal immersions f :M → S4, we contemplate the Frenet flag of L˜.
Let k = rank V˜ be the rank of the trivial bundle V˜ and let V˜ ∗i be the Frenet flag of the Frenet
curve (kerA)⊥ ⊂ V˜ −1. The Frenet flag of the Ba¨cklund transform L˜ = ((kerA)⊥)∗ is thus
given (2.5) by
V˜i = (V˜
∗
k−1−i)
⊥ .
In the case when L˜ is a full curve in V then
V˜n−1 = (V˜
∗
0 )
⊥ = (kerA)⊥⊥ = kerA .
In particular, for Willmore surfaces f : M → S4 the Ba¨cklund transform f˜ is a full curve in
H
2 unless it is a constant point in HP1. Therefore, we obtain the (twofold) forward Ba¨cklund
transform L˜ = V˜n−1 = kerA as defined in [BFL
+02, Prop. 17].
We prove that Ba¨cklund transforms of Willmore curves are again Willmore curves:
Theorem 5.5. The forward and the backward Ba¨cklund transform of a Willmore curve are
again Willmore curves.
Proof. Let f : M → HPn be a Willmore curve, S its canonical complex structure and f˜ :
M → HPk the forward Ba¨cklund transform of f . The line bundle (kerA)⊥ =: L˜∗ is a Frenet
curve in some trivial quaternionic subbundle V˜ −1 ⊂ V −1 of rank k+1. We denote the induced
projection by pi : V → V˜ . The trivial connection ∇ on V˜ −1 induces a trivial connection ∇
on V˜ . Since (L˜∗)⊥ equals pi kerA, the Frenet flag of f˜ is given by L˜ ⊂ V˜1 ⊂ . . . ⊂ V˜k−1 ⊂ V˜
where V˜k−1 = pi kerA.
Since kerA is a holomorphic vector bundle with respect to the holomorphic structure induced
by −S, the line bundle L˜∗ is a holomorphic curve with respect to the complex structure
−S∗|V˜ −1 . In particular, the canonical complex structure of f˜
∗ is given by
S˜∗ = −S∗|V˜ −1 + B˜
∗
with L˜∗ ⊂ ker B˜∗ = (Im B˜)⊥. Therefore
S˜pi = −piS + ˜
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defines the canonical complex structure of f˜ where B˜ ∈ Γ(Hom(V, V˜k−1)). The bundle V˜k−1
is S˜ stable and for ϕ ∈ Γ(V ) we calculate
piV˜k−1(∗∇B˜ − S˜∇B˜)ϕ = piV˜k−1(∗∇(B˜ϕ) − B˜ ∗ ∇ϕ− S˜∇(B˜ϕ) + S˜B˜∇ϕ)
= piV˜k−1(∗∇(B˜ϕ) − S˜∇(B˜ϕ)) = (∗δ˜k−1 − S˜δ˜k−1)B˜ϕ
= 0 .
This shows that ∗∇B˜ − S˜∇B˜ takes values in V˜k−1. Since Q|Vn−1 = 0 we also obtain
4A˜pi|Vn−1
(2.3)
= (S˜∇S˜ + ∗∇S˜)pi|Vn−1
=
(
pi
(
S(∇S)− ∗∇S
)
− B˜(∇S) + S˜(∇B˜) + ∗∇B˜
)
|Vn−1
(2.3)
=
(
4piQ− B˜(∇S) + S˜(∇B˜) + ∗∇B˜
)
|Vn−1
=
(
− B˜(∇S) + S˜(∇B˜) + ∗∇B˜
)
|Vn−1 .
But A˜ maps to L˜ ⊂ V˜k−1, so we see that ∗∇B˜+ S˜∇B˜ restricted to Vn−1 takes values in V˜k−1
and so does ∇B˜. For ψ ∈ Vn−1 we get
δ˜k−1B˜ψ = piV˜k−1(∇B˜)ψ = 0
and hence
S˜pi = −piS + B˜, where Im B˜ ⊂ V˜k−1 and Vn−1 ⊂ ker B˜ .
This yields
∗∇piψ + (∇S˜)piψ + S˜∇piψ = pi ∗ ∇ψ +∇(S˜piψ) = pi(∗∇ψ −∇Sψ) ∈ Ω1(piL) ,
for ψ ∈ Γ(Vn−1) since piL(∗∇ψ − ∇Sψ) = ∗δ0ψ − δ0Sψ = 0. Moreover, S˜ stabilizes piL by
S˜piϕ = −piSϕ+Bϕ = −piSϕ ∈ piL for ϕ ∈ L. Thus we also get
S˜ ∗ ∇piψ + S˜(∇S˜)piψ −∇piψ ∈ Ω1(piL)
and
−∇piψ + (∗∇S˜)piψ + S˜ ∗ ∇piψ ∈ Ω1(piL) .
Subtracting these equations, we find
4Q˜piψ
(2.3)
= (S˜(∇S˜)− ∗∇S˜)piψ ∈ Ω1(piL) for ψ ∈ Γ(Vn−1) .
Since S˜ is the canonical complex structure of f˜ , i.e.,
Q˜|pi(kerA) = Q˜|V˜k−1 = 0 ,
this implies that Q˜ takes values in piL. Moreover,
4Q˜pi
(2.3)
= (S˜∇S˜ − ∗∇S˜)pi
= (S˜∇B˜ − B˜∇S − ∗∇B˜) + pi(S∇S + ∗∇S)
(2.3)
= (S˜∇B˜ − B˜∇S − ∗∇B˜) + 4piA .
Since B˜ and ∗∇B˜ − S˜∇B˜ map to V˜k−1 while piA, Q˜ have values in piL, we obtain (S˜∇B˜ −
B˜∇S − ∗∇B˜) = 0 and
(5.3) Q˜pi = piA .
Now (d∇ ∗ Q˜)pi = pi(d∇ ∗ A) = 0 yields by Theorem 3.8 that f˜ is Willmore.
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Assume that f :M → HPn is a Willmore curve such that Q 6= 0 and such that fˆ is a Frenet
curve in some trivial quaternionic subbundle Vˆ ⊂ V . The dual curve f∗ of f is Willmore,
and by the above argument f˜∗ is Willmore, too. Finally,
(5.4) L˜∗ = ((kerA†)⊥)∗
(5.2)
= Lˆ∗ .
shows that fˆ is the dual curve of f˜∗ and therefore Willmore.
For later use we collect the information we have on the canonical complex structure Sˆ of fˆ :
The canonical complex structure S˜∗ of f˜∗ induces Sˆ via Sˆ = S˜∗
∗
, and thus
Sˆ = −S|
Vˆ
+ Bˆ ,
where Lˆ ⊂ ker Bˆ and Im Bˆ ⊂ L. Let pi : V −1 → Vˆ −1 be the canonical projection. Then
piA† = Q˜†pi and
(5.5) Aˆ = −(Q˜†pi)∗ = −(piA†)∗ = Q|
Vˆ
.

As a consequence of (5.4), we get the relation between the forward Ba¨cklund transform of a
Willmore curve and the backward Ba¨cklund transform of its dual curve. The dual statement
follows similarly.
Corollary 5.6. Let f :M → HPn be a Willmore curve and f∗ its dual curve.
(1) If the forward Ba¨cklund transform of f∗ exists, then the backward Ba¨cklund transform
of f exists and
f˜∗ = fˆ∗.
(2) If the backward Ba¨cklund transform of f∗ exists, then the forward Ba¨cklund transform
of f exists and
f̂∗ = f˜∗.
If the Ba¨cklund transform f˜ of a Willmore curve f is a Frenet curve in HPn then f˜ has Q˜ = A
by (5.3). Hence Im Q˜ = ImA = L and the backward transform of f˜ exists.
Corollary 5.7. Let f :M → HPn be a Willmore curve.
(1) Assume that the forward Ba¨cklund transform f˜ is a Frenet curve in HPn. Then the
backward Ba¨cklund transform of f˜ exists and̂˜f = f
(2) Assume that the backward Ba¨cklund transform fˆ is a Frenet curve in HPn. Then the
forward Ba¨cklund transform of fˆ exists and˜ˆ
f = f.
We are now able to give the Willmore energy of a Ba¨cklund transform of f in terms of the
Willmore energy of f .
Corollary 5.8. Let f :M → HPn be a Willmore curve, and let fˆ and f˜ be the backward and
forward Ba¨cklund transforms of f . Then the Willmore energies of fˆ and f˜ are given by
W (fˆ) =W (f∗) and W (f˜∗) =W (f) .
Proof.
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(1) Recall that by (2.6) and (3.2) the Willmore energy of the dual curve f∗ is given by
W (f∗) =
∫
M
< Q ∧ ∗Q >. By (5.5) we have Aˆ = Q|
Vˆ
. Since ImQ = Lˆ ⊂ Vˆ we get
W (f∗) =
∫
M
< Q ∧ ∗Q >=
∫
M
< Q|
Vˆ
∧ ∗Q|
Vˆ
>=
∫
M
< Aˆ ∧ ∗Aˆ >=W (fˆ).
(2) Using Corollary 5.6 we see W (f˜∗) =W (f̂∗)
(i)
= W (f).

6. Ba¨cklund transforms with −S as the canonical complex structure
Given the forward and backward Ba¨cklund transforms f˜ and fˆ of a Willmore curve f :M →
HP
n, we have seen that the negative −S of the canonical complex structure of f renders f˜∗
and fˆ into holomorphic curves. We will now discuss the case when −S is in fact the canonical
complex structure of f˜ or fˆ . It turns out that in this case the Ba¨cklund transform comes
from complex holomorphic data and f has integer Willmore energy.
Moreover, the Ba¨cklund transforms can be used to project f to a Willmore curve fˇ : M →
HP
n−k for some suitable HPn−k ⊂ HPn such that fˇ is given by complex holomorphic data.
Theorem 6.1. Let f :M → HPn be a Willmore curve.
(1) If the backward Ba¨cklund transform fˆ : M → HPk is a Frenet curve in HPk with
k ≤ n and has canonical complex structure Sˆ = −S, then fˆ is the dual curve of a
twistor projection of a holomorphic curve h :M → CP2k+1.
(2) If the forward Ba¨cklund transform f˜ :M → HPk is a Frenet curve in HPk with k ≤ n
and has canonical complex structure S˜ = −S then f˜ is the twistor projection of a
holomorphic curve h :M → CP2k+1.
In both cases, f has Willmore energy W (f) ∈ 4piN.
Proof.
(1) Let Vˆ be the trivial k + 1 bundle so that Lˆ ⊂ Vˆ is a full curve. Since Sˆ = −S|
Vˆ
is
the canonical complex structure of fˆ , Lemma 2.12 shows that
Aδˆk = 0 ,
which implies A|
Vˆ
= 0. Since Qˆ = A|
Vˆ
this yields that fˆ is the dual curve of the
twistor projection of a holomorphic curve in CP2k+1. By Remark 4.5 fˆ has integer
Willmore energy, and the Plu¨cker relation together with Corollary 5.8 gives
W (f) =W (fˆ) + 4pi deg(V, S) ∈ 4piN .
(2) The dual curve f∗ : M → HPn of f is a Willmore curve. By Corollary 5.6 the
backward Ba¨cklund transform of f∗ is given by the dual
f̂∗ = f˜∗
of the forward Ba¨cklund transform of f . Since f˜ : M → HPn has canonical complex
structure −S, the backward Ba¨cklund transform f̂∗ has canonical complex structure
Ŝ∗ = −S∗. Using the first part, f˜ = (f̂∗)∗ is the twistor projection of a holomorphic
curve h :M → CP2k+1, and W (f) =W (f˜∗) ∈ 4piN.

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For Willmore curves f : M → HPn the backward Ba¨cklund transform fˆ : M → HPk is a
Frenet curve in some trivial rank k + 1 subbundle Vˆ ⊂ V of V , k ≤ n. If the canonical
complex structure Sˆ is given by −S on Vˆ , then Vˆ is in particular S stable, too.
If rank Vˆ = n + 1, i.e., V = Vˆ , then Aδi = 0 for i ≤ n since −S is the canonical complex
structure of fˆ . Because Im δi = Vi+1/Vi except at finitely many points, this shows that
A = 0. In other words, if the backward Ba¨cklund transform fˆ is a full curve in V , then f is
the twistor projection of a holomorphic curve in CP2n+1.
If rank Vˆ = k+1 < n, the quotient bundle Vˇ = V/Vˆ is a smooth trivial bundle of rankn−k >
1. The canonical projection pi : V → Vˇ has S stable kernel kerpi = Vˆ so that we can project
L to a Willmore curve Lˇ = pi(L) ⊂ Vˇ by Proposition 3.11. In other words, f : M → HPn
projects to a Willmore curve fˇ :M → HPn−k.
Moreover, we know that the canonical complex structure of fˇ is given by Sˇpi = piS so that
Qˇpi = piQ .
The image Lˆ of Q is a line subbundle of Vˆ and thus piQ = 0 and Qˇ = 0. Therefore, we
have shown that fˇ is the dual curve of a twistor projection of a holomorphic curve in CPn.
Dualizing this result, we obtain a similar result in case that the forward Ba¨cklund transform
has −S as complex structure.
Proposition 6.2. Let f :M → HPn be a Willmore curve so that f and f∗ do not come from
the twistor projection of a holomorphic curve h :M → CP2n+1.
(1) If the backward Ba¨cklund transform fˆ : M → HPk, k < n, has canonical complex
structure −S then the line bundle L projects under the canonical projection pi : V → Vˇ
to a Willmore curve Lˇ = pi(L) in the rank n−k trivial bundle Vˇ = V/Vˆ unless Lˇ = Vˇ
is 1–dimensional.
More precisely, pi(f) = fˇ :M → HPn−k is the dual curve of a twistor projection of
a holomorphic curve h :M → CPn unless fˇ is a constant point.
(2) If the forward Ba¨cklund transform fˆ : M → HPk, k < n, has canonical complex
structure −S then the dual line bundle L∗ of L projects under the canonical projection
pi : V −1 → ˇ(V ∗) to a Willmore curve ˇ(L∗) = pi(L∗) in the rank n − k trivial bundle
ˇ(V ∗) = V −1/V˜ −1 unless ˇ(L∗) = ˇ(V ∗) is 1–dimensional.
More precisely, pi(f∗) = ˇ(f∗) :M → HPn−k is the dual curve of a twistor projection
of a holomorphic curve h :M → CPn unless ˇ(f∗) is a constant point.
Remark 6.3. The assumption that the canonical complex structure of a Ba¨cklund transform
of a Willmore curve f : M → HPn is the negative of the canonical complex structure of f
does not hold in general: for example, there are Willmore tori f : T 2 → S4 which come from
integrable system methods and do not have integer Willmore energy, c.f. [FP90].
7. Willmore spheres in HPn
We show that the forward and backward Ba¨cklund transforms of a Willmore sphere f :
S2 → HPn are Frenet curves whose canonical complex structures are the negative −S of
the canonical complex structure S of f . In particular, combining the results of the previous
section, we see that a Willmore sphere f has integer Willmore energy W (f) ∈ 4piN and
is either a minimal surface in R4 with planar ends, or f or its dual curve f∗ is, at most
after projection to a suitable HPm, a twistor projection of a holomorphic curve in complex
projective space. In particular, a Willmore sphere is given by complex holomorphic data.
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To show that a Ba¨cklund transform of a Willmore sphere is Frenet, we construct the Frenet
flag and an adapted complex structure recursively.
Lemma 7.1. Let f : M → HPn be a Willmore curve with canonical complex structure S
such that Q 6= 0 and let Lˆ = ImQ. Assume that there exists for 0 ≤ k ≤ n − 1 rank i + 1
bundles Vˆi, i ≤ k, such that
∇Γ(Vˆi) ⊂ Ω
1(Vˆi+1), 0 ≤ i ≤ k − 1 .
Define
δˆi = δˆi−1 ◦ δˆi−2 ◦ . . . ◦ δˆ0, 1 ≤ i ≤ k ,
and δˆ0 = id |
Lˆ
, where δˆi = piVˆi∇|Vˆi are the derivatives of the Vi.
If −S is adapted to the flag, i.e.,
∗δˆi = −Sδˆi = −δˆiS
for 0 ≤ i ≤ k − 1, then the following statements hold:
(1) For all i = 0, . . . , k,
AδˆiQ ∈ H0(Ki+2Hom+(V/Vn−1, L))
is a holomorphic section. In particular, if f : S2 → HPn is a Willmore sphere, then
AδˆiQ = 0 for all i = 0, . . . , k.
(2) If AδˆiQ = 0 for all 0 ≤ i ≤ k, then the image of the derivative δˆk of Vk defines a
rank k + 2 subbundle Vˆk+1 ⊂ V provided δˆk 6= 0. In this case, the derivative of Vk
satisfies
∗δˆk = −Sδˆk = −δˆkS .
Proof.
(1) Note that AδˆiQ ∈ Γ(Ki+2Hom+(V/Vn−1, L)) since S is the canonical complex struc-
ture of f and thus kerQ = Vn−1 and ImA = L.
By Lemma 2.10 the derivatives δˆi are ∂–holomorphic. Since f is a Willmore curve,
A and Q are holomorphic and antiholomorphic respectively, so that
∂¯(AδˆiQ) = (∂¯ A)δˆiQ+A(∂(δˆiQ)) = 0
which shows that AδˆiQ ∈ H0(Ki+2Hom+(V/Vn−1, L)) is a holomorphic section. Since
the degree of a complex holomorphic bundle is given by the order of any non-vanishing
holomorphic section, we see
ord(AδˆiQ) = degKi+2 + degL− degV/Vn−1
(4.1)
= (i+ 2 + n) degK −
n−1∑
j=0
ord δj ,
provided AδˆiQ 6= 0. If f : S2 → HPn is a Willmore sphere, then degK < 0 whereas
the order of a holomorphic section is nonnegative. Thus, the above equation cannot
hold, and AδˆiQ has to vanish.
(2) The assumption AδˆiQ = 0 for all i ≤ k implies that Vˆk ⊂ kerA, i.e. Vˆk is A–stable.
But Vk is Q–stable, too, since ImQ = Lˆ ⊂ Vˆk. In view of Lemma 2.10 it remains to
show that Vk is also ∂–stable. Lemma 2.10 then shows that −S is adapted and δˆk is
∂–holomorphic, so that the image of δˆk defines the smooth bundle Vˆk+1.
If k = 0 then Vˆk = Lˆ = ImQ, which is ∂ stable since Q is antiholomorphic. If
k > 0 then the flag Lˆ ⊂ . . . ⊂ Vˆk has −S as an adapted complex structure. Hence δˆi
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is ∂–holomorphic and Im δˆi = Vˆi/Vˆi−1 is ∂ stable for 0 ≤ i ≤ k − 1. Thus Vˆk is again
∂ stable.

Since the backward Ba¨cklund transform of a Willmore sphere f : S2 → HPn is a holomorphic
curve with respect to the complex structure −S, we can apply the previous Lemma succes-
sively as long as δˆk 6= 0 to construct the Frenet flag of fˆ . Since −S is adapted to the flag and
AδkQ = 0, we see that −S is the canonical complex structure of fˆ . Dualizing this result, we
conclude:
Corollary 7.2. A Ba¨cklund transform of a Willmore sphere f : S2 → HPn is a Frenet curve.
Its canonical complex structure is the negative of the canonical complex structure of f .
Remark 7.3. The sequence of Willmore spheres obtained by applying successively forward (or
backward) Ba¨cklund transformations breaks down after at most n steps since the ith forward
Ba¨cklund transform fi : S
2 → HPni of f maps to HPni with ni ≤ n− i.
As we have seen before, a Willmore curve f :M → HPn whose backward Ba¨cklund transform
is a full curve fˆ :M → HPn in HPn and has negative canonical complex structure is a twistor
projection of a holomorphic curve in CPn. Conversely, we show that the Ba¨cklund transforms
of a twistor projection of a holomorphic curve in CPn are Frenet curves:
Corollary 7.4. Let h : M → CP2n+1 be a holomorphic curve in complex projective space
such that the twistor projection f :M → HPn of h is a Frenet curve.
(1) If f has Q 6= 0 then the backward Ba¨cklund transform fˆ :M → HPk, k ≤ n, of f has
Qˆ = 0.
(2) If the dual curve f∗ of f has A† 6= 0 then the forward Ba¨cklund transform f˜∗ :M →
HP
k, k ≤ n, of f∗ has A˜† = 0.
Proof. Since in the first case AδˆkQ = 0 for all 0 ≤ k ≤ n, we can construct with Lemma
7.1 successively flag spaces Vˆk as long as δˆk 6= 0. Let Vˆ be the ∇ stable bundle so that fˆ
is a full curve in Vˆ . By construction, the complex structure Sˆ = −S|
Vˆ
is adapted, and has
Qˆ = A|
Vˆ
= 0. In particular, fˆ is a Frenet curve with canonical complex structure Sˆ.
The second part is the dual statement of (1). 
We conclude the paper with a classification result for Willmore spheres in HPn. In the case
of a Willmore sphere f : S2 → S4 the forward and backward Ba¨cklund transform coincide
and give a point ∞ in HP1 since AQ = 0. The canonical complex structure S of f stabilizes
Lˆ = L˜. In this case the canonical complex structure gives the mean curvature congruence
of the conformal map f : M → S4, and the fact that S stabilizes Lˆ = L˜ translates to the
property that the point∞ lies on all mean curvature spheres of f . Using∞ for a stereographic
projection of S4 to R4, we see that f becomes a minimal surface in R4, see [BFL+02, Sec.
11.2] for the details of this argument. This yields an alternative proof of the result of Ejiri
[Eji88], see also [Mon00], that a Willmore sphere f : S2 → S4 is either a minimal surface in
R
4 with planar ends, or f or its dual curve f∗ is a twistor projection of a holomorphic curve
h : S2 → CP3.
In the case of Willmore spheres in HPn the Ba¨cklund transforms are not necessary a constant
point but can be Frenet curves in a lower dimensional HPk. Since the canonical complex
structure of a Ba¨cklund transform of a Willmore sphere is −S, Proposition 6.2 allows to
characterize all Willmore spheres.
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Theorem 7.5. Every Willmore sphere f : S2 → HPn has Willmore energy
W (f) ∈ 4piN,
and is given by complex holomorphic data.
More precisely, f is either a minimal surface in R4 with planar ends, or f or its dual curve
f∗ is, at most after projection to a suitable HPm, a twistor projection of a holomorphic curve
in complex projective space.
Proof. If f : S2 → HPn or its dual curve f∗ is a twistor projection of a holomorphic curve in
CP
2n+1 then f has integer Willmore energy W (f) ∈ 4piN.
Let n > 1, A,Q 6= 0, and assume that one of the Ba¨cklund transforms, without loss of
generality say fˆ , is a full curve in a rank n− 1 vector bundle Vˆ . Then Vˇ = V/Vˆ has rank 1,
so that the projection pi : V → Vˇ only gives a constant point. However, in this case kerA = Vˆ
is a ∇ parallel subbundle of V , and (kerA)⊥ is a constant point. In other words, V˜ has rank
1, and the dual curve f∗ of f projects to a Willmore curve in HPn−1.
In particular, Proposition 6.2 shows for n > 1 that at least one of f and f∗ projects to
the dual curve of a twistor projection of a holomorphic curve in complex projective space.
Moreover, f : S2 → HPn has integer Willmore energy W (f) ∈ 4piN.
The remaining case n = 1, A,Q 6= 0, results in minimal spheres in R4 with planar ends as
discussed above. 
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